Introduction
Although a straight duct with uniform velocity profile and impedance wall is a simplification, it is an important model of the lined duct of a real turbofan engine (Tyler& Sofrin 1962 , Zorumski 1974 , Tester 1973a , Tester 1973b , Tester 1973c , Koch&Möhring 1983 , Rienstra 1987 , Rademakers 1989 ).
The relatively easy analytic description of the sound field by means of modes provides much more insight in global trends like the effects of mean flow, frequency and impedance on the modal decay rates than any other, more "exact" numerical solutions. This remains true for slowly varying ducts where the modal concept is still applicable (Rienstra 1999 , Rienstra&Eversman 2001 .
A further understanding of the modal behaviour is therefore important for both interpretation and understanding of more complex sound fields. Particularly welcome is a better predicted behaviour of a mode's physically most distinctive property, the axial wave number. This is the aim of the present paper.
The essence of the behaviour to be described below is the same for any lined flow duct of constant cross section. For simplicity we will restrict our analysis to the prototype case of a hollow cylindrical duct.
2 Physical model
We consider a circular symmetrical duct of radius R with a compressible inviscid perfect gas flow, in dimensional form described by densityρ, pressurep, velocityṽ, entropys, and soundspeedc, satisfying By taking the curl of equation (1b) we find for the vorticity perturbations ξ = ∇×v ∂ ∂t
By combining equations (1a-c) we can derive a convected wave equation for the pressure ∂ ∂t
From equations (1c) and (1d) we see that in uniform flow entropy and vorticity perturbations are either identically zero, or just convected by the mean flow (i.e. ,
∂ ∂t
. Note that in uniform flow pressure, vorticity and entropy are decoupled, so we can leave here any vorticity or entropy perturbations unspecified and consider only the pressure field.
We assume time harmonic perturbations with frequencyω, and make dimensionless as follows
We introduce the mean flow Mach number M = U 0 /c 0 (0 ≤ M < 1), and the equations (1e,1b) become the convected reduced wave (or Helmholtz) equation in p and a relation with v
where
To the mean flow the duct is hard-walled, but for the acoustic field the duct is lined with an impedance wall, which means that the ratio of the complex amplitudes of the time harmonic pressure and normal velocity (directed into the wall) at the wall is prescribed: p = Z v, where v is the radial component of v and the complex number Z is the specific impedance of the wall.
However, with flow we have to be careful. In the limit of vanishing viscosity the boundary layer reduces to a vortex sheet, but the velocity perturbations at the wall remain different from the ones near the wall, being at different sides of the vortex sheet. (The pressure is continuous.) So when we apply the impedance wall boundary condition to the acoustic field in the flow, we have to include the kinematic effect of the vortex sheet. This modification was for the first time correctly given for uniform mean flow along a plane wall by Ingard (1959) , and later generalized for flow along curved surfaces by Myers (1980) .
In the present notation, the impedance wall boundary condition with uniform mean flow is found as follows. If the position of the perturbed vortex sheet is given by
continuity of streamlines yields the radial velocity v on the flow side and the radial velocity v w on the liner side being given by (after linearisation)
Since the pressure across the vortex sheet is continuous and by definition the impedance boundary condition at the wall is
we thus have after elimination of η
Note that this equation remains valid for M = 0.
Duct Modes
Because of the circular symmetry, the general solution of equation (2a) Any radial modal wave number α is related to the corresponding axial modal wave number k by the dispersion relation
The boundary condition (3) is satisfied by applying the condition to each mode, and assuming uniform convergence * of series (4) near r = 1. This leads to the eigenvalue equation
which has a countable number of solutions k = k mµ in the complex k-plane. The solutions do not depend on the chosen branch of
Note that equation (6) is also valid for the problem with zero mean flow. The governing equations remain linear.
Propagation direction
The modes are counted such that for µ > 0 they propagate in positive x-direction, and for µ < 0 they propagate in negative direction.
As the impedance wall absorbs acoustic energy if Re(Z ) > 0, the modes will usually decay when propagating away from their source. Therefore, the propagation direction of most modes is found by considering the sign of Im(k mµ ). If this is negative, the mode decays in positive direction and the mode is right-runnig. If it is positive the mode is left-running.
If the wall is not dissipative, for example if Z = ∞ (hard wall) or Z is purely imaginary, some modes may have a real axial wave number, which means that Im(k mµ ) = 0 and there is no direction of decay. Probably the easiest approach in this case is to take a suitable limit in Z , starting from a dissipative situation. Alternatively, without mean flow it is possible to consider the sign of the modal phase velocity † ω/k mµ , but with flow the effect of convection (leading to the reduced axial wave number; see below) should be accounted for.
Although the sign of Im(k mµ ) is the most common parameter to determine the propagation direction, there are some subtle problems in the case with mean flow, where the absorption of acoustic energy by the liner may be compensated by acoustic energy supplied by the mean flow vortex sheet. These problems are only partly solved (Quinn&Howe 1984 , Rienstra 1986 ), and we will mention them here.
A vortex sheet separating two regions of mean flow with different velocity is unstable, the well-known Kelvin-Helmholtz instability. A vortex sheet along a solid wall, on the other hand, is not unstable, because the wall inhibits any motion normal to the wall. However, if the wall is not solid, like an impedance wall, and at the same time the wall is not absorbing too much energy, the vortex sheet seems to be unstable again for certain combinations of impedance and Mach number. This instability appears mathematically like a mode of the above type, but now increasing rather than decaying. At first sight an increasing instability cannot be distinguished from a decaying regular acoustic mode propagating in opposite direction. Therefore, one of the found modes may have to be interpreted as an instability.
In Rienstra (1986) (or see below, equation 13) it was shown that under certain conditions this instability can be recognized explicitly. If the frequency ω is high enough such that the geometry becomes essentially 2-D, the Mach number M is low enough, and the impedance Z as a function * For x = 0 this isn't a very stringent condition, as the convergence is greatly acclerated by the exponential, since
has not yet been shown to be productive. For example, an inevitable problem is that Z is always ω-dependent.
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of ω is sufficiently simple (for example, a mass-spring-damper system Z (ω) = r + iaω − ib/ω), the instability can be recognized analytically, by arguments of causality and continuation in the complex ω-plane. We have no doubt that it is possible to generalize this for more arbitrary cases, but this has to be done numerically.
Analysis
The problem we will be dealing with is a thorough analysis of the behaviour of the axial wave numbers k mµ , defined by the equations (5) and (6), as a function of Z and M in the context of relatively high frequencies occurring in aircraft engine ducts. For this it is convenient to introduce the Lorentz or Prandtl-Glauert type transformation that will render the equations as clean as possible. With
the mode
is scaled such that the asymmetry due to convection is now brought outside the expression as just a factor. The variables σ and γ are called the reduced axial and radial wave numbers. The dispersion relation and the eigenvalue equation is now
with the important special cases: (a) the hard wall Z = ∞ with solutions γ = ± j mµ (the zero's of J m ), and (b) the pressure release wall Z = 0 with solutions γ = ± j mµ (the zero's of J m ), or the additional solution σ = M −1 . Note that this last solution refers to the velocity field only, and not to the pressure, because for Z = 0 this is zero at the wall and therefore zero everywhere.
To define the complex function γ (σ ) = √ 1 − σ 2 uniquely, we have to introduce branch cuts and select a branch. As in any wave problem, the sign of the imaginary part of a wave number is of primary importance (it selects decaying from increasing waves), we choose the branch cuts along the lines where Im(γ ) = 0. Then we select the branch with Im(γ ) ≤ 0, by defining γ (0) = 1. See figure 1.
No mean flow
Without mean flow, i.e. M = 0, the equations (8) simplify to
Now we can distinguish two important classes of solutions: a class with Im(ωγ ) large (in a sense to be explained below), and the complementary class. If Im(ωγ ) is large negative, the real axis imaginary axis 
with solutions
As γ was defined with negative imaginary part, the asymptotics of Im(ωγ ) large positive does not occur. At the same time, from this restriction on γ it follows immediately that we have only such solutions if Im(Z ) ≤ 0.
If ω is large, which is the typical situation in aircraft engine duct problems, any solution (10b) -except for nearly real impedances -produces a large Im(ωγ ) and is therefore an approximation of a solution of (9).
The physical interpretation of these solutions is that the corresponding mode is spatially confined to the immediate neighbourhood of the wall, as the modal shape function J m (ωγ r) becomes exponentially decaying away from the wall (equation 21):
In other words, these modes are not really duct modes, but surface waves. From equation (10b) it follows that there are at most 2 such surface waves, and they exist only if Im(Z ) < 0. This implies that the other possible solutions of equation (9), the ones with Im(ωγ ) not large, necessarily occur near (i.e. typically within a distance O(ω −1 )) the branch cuts of square root γ (σ ), where Im(γ ) = 0.
Trajectories of these wave numbers, as function of Z , are plotted in figure 2. To include all complex values of Z , we have drawn two fan-shaped families of curves: one for fixed Re(Z ) and one for fixed Im(Z ), all of course with Im(Z ) ≤ 0. Note that un-attenuated waves occur only for purely imaginary Z . Trajectories of all duct mode eigenvalues are plotted in the figures (7), as a function of the imaginary part X of impedance Z = R + i X , and various R, for ω = 5, and m = 1. For illustration, the 2D surface wave approximations are included, and the agreement is seen to be very good. In fact, if we used a much higher ω, the agreement would have been too good, with hardly any visible difference. This figure is further discussed in section 5.
With mean flow
With mean flow, i.e. M > 0, we have to deal with the full equations
Again, we can distinguish two important classes of solutions: a class with Im( γ ) large, and the complementary class. If Im( γ ) is large negative, J m / J m → i (equation 21), and the eigenvalue equation (8b) reduces to
As γ was defined with negative imaginary part, the asymptotics of Im( γ ) large positive does not occur.
If is large, which is the typical situation in aircraft engine duct problems, any solution (11) -except for impedances near the bordering lines -produces a large Im( γ ) and is therefore an approximation of a solution of (8).
The physical interpretation of these solutions is again that the corresponding mode is spatially confined to the immediate neighbourhood of the wall, as the modal shape function J m ( γ r) becomes exponentially decaying away from the wall (equation 21):
In other words, these modes are not really duct modes, but surface waves ‡ . By bringing the second term to the right and squaring both sides, equation (11) Trajectories of these wave numbers, as function of Z , are plotted in figure 3 . To include all complex values of Z , we have drawn two families of curves: one for fixed Re(Z ) and one for fixed Im(Z ). Un-attenuated waves occur for purely imaginary Z , but in contrast to the no-flow case, such Z do allow also attenuated modes.
An interesting special case is the incompressible limit (M → 0, Mσ = O(1), Z = O(M)),
where the solutions can be given explicitly. Define S = Mσ , ζ = Z /2M, then we have
with 4 solutions (one in each quadrant)
We may now apply, as in Rienstra (1986) , the causality arguments of Jones&Morgan (1972 ), Crighton&Leppington (1974 , and vary the frequency ω to become negative imaginary, i.e. ω = −iν. A typical impedance of mass-spring-damper type then yields ζ ∼ r + iaω − ib/ω = r + aν + b/ν, which is real. As a result, the above wave number ωM −1 S H I shifts to the lower half of the complex plane, which means that it denotes a right-running, growing wave and therefore an instability. So for at least some impedances and parameter values, this surface wave of the first quadrant is an instability. Therefore, we have tentatively called it "hydrodynamic instability" σ H I . The others are called: a right-running stable hydrodynamic surface wave σ H S , a right-running ordinary surface wave σ S R and a left-running ordinary surface wave σ S L . ("Hydrodynamic" because they exist only with flow.) Solutions of equation (11) may be analyzed in great detail, and the results are summarized in the figures 4, 5, and table 1. The only impedances that may possibly occur (for passive walls) are with Re(Z ) ≥ 0. So the imaginary Z -axis is an important borderline, which is mapped (as far as it allows solutions) to the σ -plane as the egg-shaped contour and as the real axes, absolute larger than 1. In the σ -plane the branch cuts of γ are important borderlines, where the 2D approximation breaks down, and the solutions become regular duct modes again. (In the approximation they disappear to the other Riemann sheet.) The branch cuts are mapped to the Z -plane as the 4 contours that separate the 5 regions of existence of different numbers of surface waves.
The egg in the axial wave number plane plays a prominent role, which is not entirely unexpected, as the typical radius M −1 in reduced wave number σ corresponds approximately with the Strouhal number ω/M to the dimensionless wave numbers k and the hydrodynamic wave numberω/U 0 to the dimensionless wave numbers.
Trajectories of all duct mode eigenvalues are plotted in the figures 8, as a function of the imaginary part X of impedance Z = R + i X , and various R, for ω = 5, m = 1, and M = 0.5. For illustration, the 2D surface wave approximations are included, and the agreement is seen to be very good. As in figure 7 , if we used a much higher ω, the agreement would have been too good, with hardly any visible difference. This figure is further discussed in the following section.
Im ( is taken.
Further observations
Suppose, we vary the impedance from hard-wall to hard-wall, via vertical straight lines in the complex plane: Z = R + i X where R is fixed and X varies between −∞ and ∞.
Without mean flow (figure 7), most eigenvalues return to the hard-wall value they started from. Some, however, form a closed loop such that they meander from their initial hard-wall value to the next hard-wall value. The loop is closed by the first eigenvalue, which becomes a surface wave (when X increases from −∞) and, following a large circular contour, turns back (when X 0) to a hard-wall eigenvalue of much higher index. Since ωγ = −ω/R − j mµ , the hard-wall return-index µ ret can be estimated as (see 22)
This circular loop becomes larger and larger when R tends to zero, until it becomes unbounded for R = 0. It shrinks to zero when R becomes large.
With mean flow (figure 8), the situation is quite different. Not some, but most of the eigenvalues move up one position. When R is big enough, the acoustic surface waves (within the egg; typically |σ | < M −1 ) form a closed loop. This loop does not grow to infinity when R tends to zero, but grows until it approximately coincides with the egg. The hydrodynamic surface waves (outside the egg § ; typically |σ | > M −1 ) on the other hand, start at a hard-wall value at X = ∞, but tends to infinity as follows
so they disappear to infinity along lines parallel to the real axis. Only the finite number of modes between the acoustic and hydrodynamic surface waves return to their initial hard-wall values.
Following whatever contour in Z , the modes inside the egg remain inside, and the modes outside remain outside. So there are only a finite number of hard-wall modes that may turn § Note that for M → 0 the egg becomes infinitely large, pushing the hydrodynamic surface waves away to infinity.
into an acoustic surface wave, while the others may become a hydrodynamic surface wave. The hard-wall modal index µ crit separating these modes may be estimated from the fact that the egg crosses the imaginary axis at σ = ∓iM −1 , or γ
Multi-valued functions and branch points
The above analysis is mainly descriptive, and the results are interpreted with emphasis on their physical context. The deeper origin of this strange game of musical chairs may therefore remain in the background.
From a complex-function point of view it is not so strange. If we consider equations (8) or (9) as the definition of a complex function σ = σ (Z ) of complex variable Z , this function is evidently multi-valued with an infinite number of branches: each branch of σ (Z ) represents a mode. The branch points -the points where two or more branches coalesce -are found at the Zvalues where the σ -derivative of equation (8b) or (9b) vansihes (also known as the impedances with double eigenvalues). If we follow a closed contour in the complex Z -plane (the contour may be closed at infinity) such that a branch point is encircled, we arrive at another branch (i.e. another eigenvalue) when we return to the Z we started from.
This is exactly what happens when we trace the contours Z = R + i X (R fixed) for smaller and smaller R. We start and end at the same Z = ∞, but the smaller the R, the more double eigenvalues (branch points) are encircled, and the eigenvalue we return to moves higher up in the list.
An model equation with just the same behaviour is given by
with exact solutions
and branch points at Z = ±1.
How to find all eigenvalues
Based on the above described dynamics of the eigenvalues in the complex Z -plane, we can devise a method to find all eigenvalues for given M, m, ω and Z .
Assume that the hard-wall values are known. Of course, some effort is to be invested here too, but since all (reduced) radial eigenvalues γ mµ = j mµ are real, independent of M, and asymptotically for large µ found at fixed intervals, this is relatively easy. Now we can connect a contour in the complex Z -plane from any Z = ∞ to the sought value. Then we can trace the eigenvalues as a function of Z as follows. Start at a large enough Z -value, take small enough steps along the contour, use the previous values as starting values, and solve by a simple NewtonRaphson zero-finding routine the eigenvalue equation at each Z -position.
As we have seen, in some parts of the Z -plane we have a problem: surface waves may disappear to infinity, and coming from this direction we have to make sure to pick up these eigenvalues somewhere, which may be not so easy. It is therefore easier to take a starting "Z = ∞ without disappearing surface waves. We propose contours parallel to the imaginary axis, like was done in figures 7, 8. For M = 0 this is Z = R − i∞, while for M > 0 this is Z = R + i∞ (note the corresponding up-and down-arrows given in the figures.)
For R = 0 some care is required when upper and lower half plane solutions meet along the real σ -axis, for example at σ = 0 and σ = M −1 .
Exact results
Just for the record, a few exact results on the existence of surface waves can be given. Note that for imaginary Z = i X and imaginary radial wave numbers γ = −iτ (and σ real) equation (8b) 
